Abstract: In a laser system non-Hermitian methods such as Parity-Time (PT) Symmetry and Supersymmetry (SUSY) have shown and demonstrated the ability to suppress unwanted lasing modes and, thus, achieved single mode lasing operation through the addition of lossy passive elements. While these approaches enable laser engineering versatility, they rely on the drawback of adding optical losses to a system tasked to produce single mode gain. Unlike PT and SUSY lasers, here we show an extra loss-free nonHermitian laser engineering approach to realize single mode lasing operation for the first time. By selectively enhancing the fundamental mode's quality factor, we obtain single mode operation with higher output power per cavity since all cavities in this system contribute to the laser output, in contrast to other non-Hermitian approaches. Furthermore, we show that this approach interestingly allows reducing the number of tobe-designed cavities in super-partner array as compared with, for example, the SUSY approach, thus leading to reduced design complexity upon coupled cavity scale up of laser arrays. In summary, the ability to engineer coupled laser systems where each laser cavity contributes to coherent light amplification opens up a new degree of laser-design freedom leading to increased device performance and simultaneous reduced design and fabrication complexity.
Since the early days of the invention of the laser, a considerable number of approaches has been proposed to provide high-power laser systems for a variety of applications such as optical space communication, Light Detection and Ranging (LIDAR), spectroscopy and other purposes [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . Among these methods, single mode lasing based on non-Hermitian engineering of the laser systems attracted considerable attention and different scenarios based on Parity Time (PT) symmetry [13] [14] [15] [16] and Supersymmetry (SUSY) has been proposed so far [17] [18] [19] [20] . In all of these approaches unwanted lasing modes has been suppressed via adding extra lossy elements in system in such a way that out-of-phase modes experience greater attenuation and higher lasing threshold compared to in-phase mode. These approaches have been studied both theoretically and experimentally [13] [14] [15] [16] [17] [18] [19] [20] , however, one of the main disadvantages of these methods is their efficiency. That is, in non-Hermitian laser engineering, the laser system consists of a number of distributed laser cavities, some of which lase others are passive lossy elements. Thus, a large number of these laser cavities do actually not contribute to the laser's output power. It is therefore, that the laser output of such 'classical' non-Hermitian system scales sub-linear with the number of laser cavities. These inefficiency impacts all aspects of laser engineering to include real-estate footprint and slope efficiency to name a few [26] [27] [28] [29] .
To tackle this issue, here we show and discuss a different approach, in which, instead of suppressing the Quality factors (Q) of many out-of-phase modes, we judiciously design the system to enhance the Q of the fundamental mode. The advantages of this method can be summarizes as follows (1) single mode operation for the system with all cavity (lasing elements) contributing to output emission, (2) higher output power per number of distributed laser cavities, since the introduction of loss in the system is not required, (3) the laser design allows for a wider design geometry (i.e. reduced design complexity) corresponding to a more straight-forward laser design and fabrication process with a possible higher yield.
In this work we explore the fundamental properties of this novel non-Hermitian laser design by investigating (1) through (3) . In this manuscript we start by introducing the Q-enhancing approach via Hamiltonian description for the simplest system of a photonic molecule (PM) [41] laser coupled to a partner cavity. In the second section, we have studied the laser dynamics and show the single mode in-phase lasing operation. Finally, we have studied some possible single mode laser arrays and compared their output power per cavity with their SUSY counterparts.
Theoretical model:
To understand the Q-enhancing approach we start by the simplest nonlimiting system consist of two identical coupled laser cavities at resonance frequency , i.e. a PM, and this system is weakly coupled to a partner cavity supporting resonance at Ω = + κ. Here κ represents the coupling coefficient between identical laser cavities and is the weak coupling coefficient between PM and the partner cavity, as illustrated schematically in Fig. 1(A) . Note, that for simplicity we assume that all cavities are single mode.
The system's behavior, within the framework of coupled mode theory before reaching to the lasing threshold where the system is linear, can be described by the following Hamiltonian [16 − 18] :
here, and correspond to the gain and loss of cavities. In this system we assume that the coupling between partner cavity and the PM is weak enough in such a way that super modes of the PM remain intact, this can be realized under the assumption ≪ :
The eigenvalues of this system are Ω ± ≈ + ± √2 + ( − ) and Ω ≈ − + ( − ). Here, mode Ω corresponds to the out-of-phase lasing mode which is not desired. The main idea here is to enhance the Q factor of in-phase mode which implies a lower lasing threshold as compared to the out-of-phase modes. To do this, we introduce an extra gain ∆ at the partner cavity of the system and the effective Hamiltonian of the system then reads: , however, its coupling to the out-of-phase mode − κ can be ignored because of their mode mismatch. (C) Q-factor of the in-phase mode (fundamental mode) increases as a result of extra gain (∆ ) added to the partner cavity. One of the main advantages of extra-loss free non-Hermitian engineering of the laser system compared to other approaches such as SUSY is a significant increase in the output power per cavity in the laser array, this is shown schematically in (D), and quantitatively in Table 1 .
The eigenvalues of this effective system read:
Clearly, for ∆ < 2√2 the real part of ± which corresponds to the lasing frequency varies as a function of input gain, and this regime is not desired. On the other hand, the system lives in the broken phase if ∆ > 2√2 which corresponds to the Q-enhanced in-phase lasing mode with lowest lasing threshold. This can be seen better for special case of ∆ ≫ 2√2 in which ≈ + + ( + ∆ − ) and ≈ + + ( − ). The other two modes: and Ω have lower Q compared to which corresponds to the in-phase mode, see Fig. 1 (C). In the next section we study the laser dynamics of this system. We find that output power per cavity for this system is higher than that of its SUSY counterpart, this is schematically illustrated in Fig. 1(D) and quantitatively validated in Table 1 .
To illustrated Q-enhancing, we studied the imaginary parts of eigen-frequencies of the system for different gain and ∆ , see Fig. 2(A) . The horizontal red sheet illustrated in Fig. 2 (A) represents the lasing threshold at which ( ± ) = 0. In Fig. 2(B) , two distinguished domains are illustrated: regime < in which for ∆ > ∆ = 2( − ) in-phase mode is the only lasing mode and out-of-phase mode remains below the lasing threshold. This regime where the fundamental mode lases but high-order modes not yet would be an ideal operating range of any laser system. However, for > system always lives in the out of phase operation regime. Fig. 1: (A) . horizontal (red mesh) sheet represents the lasing threshold. Clearly, the in-phase mode reaches the lasing threshold before out-of-phase mode. Here, for both cases loss is assumed to be = 0.1 and coupling coefficients are assumed to be as follows = 1 and = 0.01. Nothing that is normalized to unity in order to consider a general case and consequently all other parameters (including gain and loss) are normalized with respect to it. (B) For < in phase lasing threshold is at ∆ = 2( − ) in which out of phase is always below lasing threshold. On the other hand, for ≥ system always lase in out of phase regime. Vertical plane in A at = 0.08 corresponds to the black curve in B, the other two curves in B also correspond to two planes in A (not shown here) for given gain values .
Laser dynamics:
In previous section we studied the static behavior of the system by describing the main concept of Q-enhancing. In what follows we investigate the dynamics of the system through solving the following system of coupled governing equations [16] [17] [18] :
here, represents the electric field in the i th laser cavity, is its lasing frequency and = 1 accounts for normalized gain saturation coefficient, is the normalized time and finally and are gain and loss of the cavity, respectively. Noting that here, the normalized time = • is related to real time through the coupling coefficient . Fig. 1 . Here we also depict the temporal snapshots of the lasing pattern where steady-state single-mode emission can be observed after a transient period. System's parameters are described in the figure.
In Fig. 3 we consider the system presented in Fig. 1 where in-phase single mode operation is found as illustrated by temporal snapshots of the electric field in cavities. This confirms that Qenhancing approach can be used to achieve single mode operation in laser arrays. In the next section we study some of these laser arrays.
Implementation to an array of coupled lasers:
Next we utilize the above lasing cavity system which does not required an addition of extra lossy passive cavities to realize single mode laser action, but instead uses enhancement of the Q-factor of the fundamental in-phase laser mode to explore and study laser arrays. This is interesting because the newly gained degrees of design freedom enable different geometrical laser-design options. In fact, this approach bears significant universality, since such an approach can be applied to, essentially, any laser array system such as microring resonators [30] , photonic crystals [31] and Vertical Cavity Surface Emitting Lasers (VCSELs) [36,40,] .
While laser arrays bear a number of design and practical utilization advantages, there are fundamental challenges as well, one of which this newly introduced design methodology is able to address, namely the issue of multi-mode lasing leading up to lasing instability. Here we find and argue that rather than lowering the Q of cavities of the system by adding loss, the same principle should work by reducing the loss or enhancing-Q. In addition to this, we are also interested in exploring arrays of lasers with different arrangements. To illustrate the array versatility and comparison to SUSY systems, in what follows we present examples of possible arrays to achieve in-phase single mode operation though presented loss free non-Hermitian method.
In general, there are many different possibilities to construct a laser array: one dimensional (1D) and two dimensional (2D) arrangements [26] [27] [28] [29] . However, 2D arrays are especially appealing for vertical emitting laser platforms such as VCSELs and Photonic crystals laser arrays in which in contrary to conventional edge-emitting semiconductor lasers, their emission should be controlled in the perpendicular direction. This type of laser arrays has been studied in considerable literatures including and more specifically for VCSELs in [43] in which many different possibilities for 2D VCSEL arrays has been proposed. Here, we just choose circular array arrangements as an example to show how our method can be applied to them to exploit in-phase lasing operation. In-phase operation of these array can plays an important role in optical systems such as LIDARs and optical sensing applications.
A circular array in which each laser cavity occupies vertex of a polygon is shown in Fig. 4(A) . For such a system the in-phase mode corresponds to eigen-frequency Ω = + 2κ, which is interestingly independent of (the number of cavities in circular array) [43] . To achieve single mode operation now we need to find a partner cavity exactly in the center of the circular array at resonance frequency Ω. Considering additional gain in this central cavity assure in-phase single mode operation of the system. 
Comparison to the SUSY system:
Laser design efficiency in terms of output power per cavity is an important aspect of any laser array system, here we compare our non-Hermitian engineering method with previously proposed SUSY lasers for different number of cavities. It is shown that for proposed extra loss-added free scenario, enjoying more gain than loss for every laser cavity plays a critical role in having higher efficiency (compared to SUSY) in converting the gain power into coherent radiation laser power.
We first start with simplest case which is = 3 where is number of cavities in the system. SUSY laser arrays are based on suppression of unwanted modes of the system by introducing an evanescent coupling between a lossy super-partner and the main laser array [17, 18] . In the case of = 3 we have two active cavities, PM, which are coupled weakly to a passive superpartner at resonance Ω = − κ, Fig. 5 .
Total output laser power is obtained by solving the laser rate equations. In this section, to find radiated power per cavity we then divide the total output power by the number of active (pumped) cavities in each system (Table 1) .
For this illustration example, we consider arrays with = 5 and = 7 and not even ones (e.g. = 4 and = 6) as they cannot be supported by the SUSY approach [17, 18] . Refer to Figure 5 for details on the design. In [17, 18] it is explained that for any given number of elements in an array there are infinite number of possibilities to generate the super-partner array as well as its coupling arrangement to the main array. Naturally, this sets up an optimization problem to be considered for engineering the laser. The SUSY super-partner for the illustrative cases in figure 5 are generated following the same method as described in [17, 18] . The results indeed validate the anticipated higher output power per cavity for all cases engineered based on loss free non-Hermitian approach over their SUSY counterparts (Table 1) . However, the order of magnitude of exceeding a 10-fold higher emission output is noteworthy, and somewhat non-expected, since the trivial ratio of more-cavities lasing is exceeded; for example for N = 5 the SUSY has 3 (blue) lasing cavities each producing 3 × 0.03 ≈ 0.1 total power (in a.u. units) whilst this novel design introduced here produces 5 × 0.42 = 2.1 -a ratio of over 20 fold between these two approaches.
The reason for this improvement can be understood as a result of difference in systems architecture, since in the SUSY laser array the number of lasing elements is almost equal to the non-lasing passive elements which implies more power attenuation in the system. On the other hand, in the extra loss-free method of this work all cavities are lasing and none of them are passively lossy. It has to be also mentioned that in both of these scenarios there are infinite possibilities to engineer systems and optimization of these methods will be considered in future work. 
Conclusion remarks
Here we presented a novel method to achieve in-phase single mode operation in any laser array such as VCSELs and Photonic crystal lasers. This method is based on Q-enhancing of the fundamental supermode. Presented approach is then implemented in an array of coupled laser cavities. It is shown that the main advantages of extra loss free non-Hermitian approach over SUSY lasers are as follows: (1) In contrast to PT symmetric or SUSY single mode lasers where in which one or several cavities are passive without contributing in laser output power, here all cavities are lasing and none of them is passive, thus, higher output power per cavity are achieved. (2) Easier laser system engineering independent of complicated super partner arrays is a vital characteristic of our presented method which plays an important role in laser engineering.
Methods
Standard eigenvalue solver used for analyzing the linear eigenvalue problem of laser system at threshold. Runge Kutta 4 (RK4) algorithm used for solving systems of nonlinear coupled equations to investigate the laser dynamics.
